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A shape functional

For € regular enough,

F(@) = /a i(x.von(x). Boa(x) dion(x).

@ vyq is the normal outward vector,

@ Bsqa(x) is either a geometric quantity (mean curvature, Gauss curvature .. .)
or the solution of a PDE defined on 2 or 052.
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A shape functional

For € regular enough,

F(@) = /a i(x.von(x). Boa(x) dion(x).

@ vyq is the normal outward vector,

@ Bsqa(x) is either a geometric quantity (mean curvature, Gauss curvature .. .)
or the solution of a PDE defined on 2 or 052.

Existence of minimisers
Can we find Q* € O,qm such that

F@) = inf F(Q)?
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Uniform ball property
Q e 0, if an only if Q C D compact, Vx € 09,

dd, € R" | ||dx|lre = 1, Br(x — rodyx) C Q and By, (x + rody) € R"\Q.

T4 B (x + =dx)

(x — =dx]

B B

Figure taken from [Dal18].
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Existing results

Theorem (Guo-Yang, 2013)

Let j be a continuous function from R? x S9=1 to R, then the following
optimization problem

inf j d
At [l vi))dpoal)

admits a minimiser.

Theorem (Dalphin, 2018)

Let j be a continuous function from R? x S9=! x R and convex with respect to
the last variable, then the following optimization problem

ot [ J060(). Hoal))duon(x)

admits a minimiser.
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Let h € L2(D), g € H*(D), and define uq as the solution of
Aug=h inQ,
ug =g in 02.

Theorem (Dalphin, 2020)

Let j be a continuous function from RY x S9=1 x R x RY, then the following
optimization problem

s /a _ix,#(x), un(x), V() daom(

admits a minimiser.
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The direct method of calculus of variations

@ Define a (sequential) topology on &,.
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The direct method of calculus of variations

@ Define a (sequential) topology on &,.
@ Take a minimizing sequence and use a compactness result
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direct method of calculus of variations

@ Define a (sequential) topology on &,.
@ Take a minimizing sequence and use a compactness result

© Prove the lower-semicontinuity of the functional
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@ Signed distance
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Characterization of a set

Distances functions

Some properties
@ For x € 99, Vbq(x) is the unit outward normal vector,
e For x € 99, Tr(V?bg(x)) is the mean curvature,

@ etc.
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Uniform reach property

Definition

Reach(Q2) = sup{h > 0 | dq is differentiable in Un(2) \ 2}.

Assume Reach(0Q2) = ry > 0, we have
o if HI(0Q) = 0, then O is a €11 hypersurface of R? and satisfies the
uniform ball property.
@ For h<ry, Vbq is ro%h—Lipschitz continuous on the tubular neighborhood
Un(09).
@ The restriction of Vbg to 9 is %—Lipschitz continuous.
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© A new framework
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R-convergence in 0,

Given (Qn)nen € OV, we say that (Q,)nen R-converges to Q.. € &, and we

n’

write €, LN Qo if
in €(D),

ba, = ba  {in F1(U,(89u0)), Vr < ro, Va € [0, 1),
weakly-star in W2 (U,(00)), Vr < ro.

0

s sequentially compact for the R-convergence.
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Tubular neighboorhood

For 0 < h < ry, consider

TaQZ (—h, h) x 0 — Uh(()Q)
(t,x) +— x4 tVbq(x).

Since Tyq is Lipschitz continuous, it is differentiable at almost every (tg, xp), with

d(ty,%) Toa(s,y) = y + sVba(xo) + todx, Vba(y), V(s,y) € R x T,,00.

For every € > 0, there exists h > 0 such that for all Q € O,,,

1 — e < det(d(y,x) Ton) < 1+¢, fora.e (to,x) € (—h,h)x 0Q.
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Lemma

If Q25 Q.. then
Q@ H91(0Q,) converges toward HI~1(9Qu) as n — +oo0.
Q@ HI(Q,) converges toward HY(Qs) as n — +oo.

Q If all the 0X2,, belong to the same isotopic class, then 0€)., also belongs such
a class.

{Qe 0, ]a<HITHOQ) < b, 9N is isotopic to I}

is sequentially compact
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1
HO1(9Q,) = / ditoe, (x) = — / det(dT,) dy
Q, 2h Jy,00,)

o
1 1

- = det(dT,) dy + - det(dT,) dy
2h Ju,_,(09..) 2h J Uy(09,)\Up—:(690)

1

HITH00) = 7/ det(dT..) d
(000:0) 2(h—t) Ju,_.(09.) (dTe0) dy
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1
HO1(9Q,) = / ditoe, (x) = — / det(dT,) dy
Q, 2h Jy,00,)

o
1 1

- = det(dT,) dy + - det(dT,) dy
2h Ju,_,(09..) 2h J Uy(09,)\Up—:(690)

5/,
- det(dT..) dy
2(h—t) Ju,_.(09..) (7o)

For any h, t small enough, there exists Ny such that for all n > N,

HIH 00 =

HITHOQ,) = (HT1(0Q0) + O(h)) (1 +0 (%)) + (°’H°(1) +0 (%))
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Let j be a continuous function from R? x S9! x R and convex with respect to
the last variable.

F(@) = /a 5,30, Hon () dion(x)

Theorem

F is a lower-semicontinuous shape functional for the R-convergence, i.e., for every
sequence (2p)neN € ﬁ’ﬁ that R-converges toward €., one has

liminf F(Q,) > F(Qw)-

n—+o00o

As a consequence, the shape optimization problem

inf F(Q
i

has a solution.
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F(Q,) = /8 75, b, (). o, (o)) on, ()

1

=5 i(Pn(y), Vb, (pn(y)), Hoq,(Pn(y))) det(dTrfl(y) Th)dy.
Un(09)

1

2k Un—t(0920)
1

ﬂ Un(0K27)\ Up—+(0920)

F(S25) J(pn(y), Vba,(pa(y)), Ha,(pa(y))) det(dT,) dy

j(pn(}/)7 Van(Pn(}/))7 HBQn(pn(y))) det(dTn) d}/~
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Definition

Let f € €°(D). We consider vaq the solution of the equation

Dogvoa(x) = f(x) in 09,
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Definition

Let f € €°(D). We consider vaq the solution of the equation
Dogvoa(x) = f(x) in 09,

Vgq is the unique minimiser of

1
S HYO) 3 urs 5 [ VonuG)Pduon — [ Fu()dpon (1)
o0 o0

For any Q € O,,, Eq. (1) admits one and only one minimiser.
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F(@) = /a jx.v(x). von(x). Vovon(x)) dion(x).

where j : RY x 8971 x R x RY — R is assumed to be continuous.

Theorem (Privat-R-Sigalotti, 2022)

The shape functional F is lower-semicontinuous for the R-convergence, i.e., for
every sequence () nen € ﬁrl\j that R-converges toward ., one has

lim inf F(Qn) > F(Quc). (2)

n—+o00o

As a consequence, the shape optimization problem

Qlené;0 F(Q)

has a solution.
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@ Transport vpq, to 02 thanks to the orthogonal projector on 0%,
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@ Transport vpq, to 02 thanks to the orthogonal projector on 0%,

@ The sequence obtained is bounded H}(9%), extract and called
v' € HY (094 ) the limit.

R. Robin (LJLL, Sorbonne Université) Existence of surfaces optimizing geometric and PDE st June 29, 2022 23 /27



@ Transport vpq, to 02 thanks to the orthogonal projector on 0%,

@ The sequence obtained is bounded H}(9%), extract and called
v' € HY (094 ) the limit.
@ Check that v* = vpq_, .
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@ Transport vpq, to 02 thanks to the orthogonal projector on 0%,

@ The sequence obtained is bounded H}(9%), extract and called
v' € HY (094 ) the limit.
@ Check that v* = vpq_, .

@ Passing to the limit is similar to the previous case.
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Conclusion

Hypersurfaces with a uniform Reach condition enjoy nice properties:
@ Sequential compactness for the R-convergence.

@ Many functionals involving geometric or PDE related cost are
lower-semicontinuous for the R-convergence.

@ Proofs are (relatively) straightforward.
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Conclusion

Hypersurfaces with a uniform Reach condition enjoy nice properties:
@ Sequential compactness for the R-convergence.

@ Many functionals involving geometric or PDE related cost are
lower-semicontinuous for the R-convergence.

@ Proofs are (relatively) straightforward.

Thank you for your attention!
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